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QUALITATIVE ASSESSMENTS AND OPTIMAL DECISION UNDER
UNCERTAINTY USING RECTANGULAR FUZZY NUMBERS

Abstract :

In crisis situations, uncertainty emerges as a distinct phenomenon, in which case we face both the
ineffectiveness of most theoretical models of decision-making and the inaccuracy and incompleteness of
available information.

It is therefore necessary to intensify theoretical efforts and to apply interdisciplinary approaches and
transfers of methods in order to construct a set of procedures and techniques that should contribute to curbing
this phenomenon in decision-making processes.

The transition from the state of crisis to the state of opportunity becomes the ground on which technocratic,
structural, cultural and political approaches make a difference in managing.

The qualitative analysis of the level of uncertainty provides an optimal insight into the best management
techniques and methods that may contribute to achieving development objectives under crisis conditions.

To conduct such an assessment process, we propose the use of rectangular fuzzy numbers. In this paper,
first we develop a personal analysis of the notion of rectangular fuzzy numbers with an associated variable center
of gravity and specific mathematical operations. Our research continues by the theoretical and applicable
development of the "optimistic method (max-max)".
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1. Introduction

The analysis of uncertainty in the business environment represents a constant priority for
management. The current socio-economic context has prompted the development of research
efforts in various fields on the dysfunctions generated by crises, with particular emphasis on
their causes, emergence and manifestation and on their immediate and future consequences.

There is no "standard" method used as a panaceum to reduce decision-making
uncertainty’. The technocratic approach on management is only valid on a free-competition
market, with equal chances for everyone. In practice, this is a utopia. Knowledge-based
economy changes the exogenous environment of decision, where the dominant aspects are,
for example: data amount sometimes exceeds data-processing capacity, main competitors
have the same information sources. A knowledge-based economy has also disadvantages, i.e.
lower predictability’.

The ongoing crisis is a particularly obvious symptom, which has brought about an open
conflict between economic, political and social actors. It is therefore vital to properly
recognise and assess uncertainties from the contingency perspective of the context of their
occurrence, to comprehend their dynamic and the threats they pose to the history, culture and
available resources of society, and to factor in the capacity for flexibility and adaptability, the
technological potential, etc.
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The need for customised analysis based on the specifics of a particular field involves the
identification and prediction of those situations or sets of specific particular circumstances,
which directly influence activities as they unfold. They can be the result of actions and
regulations at the micro and macroeconomic, social, and legal level, of technical and
technological transformations, or of doctrines, theoretical and cultural concepts embraced at a
particular moment and in a particular territorial space.

The interaction of these factors leads to the emergence of decision consequences that are
difficult to anticipate and even harder to control, creating uncertainties that are difficult to
absorb. The features which underlie the assessment of uncertainty differ from one field to
another (i.e. economic, social, political, etc.), each featuring a panel of specific qualitative and
quantitative indicators expressing the particular context and each resorting to different models
of assessment and representation.

2. Qualitative assessment of the level of uncertainty using rectangular fuzzy numbers

In the most widely accepted points of view, decision-making under uncertainty
conditions (e.g. .Verboncu, O. Nicolescu, O. Snack, G. Aluja) are defined as situations in
which the probability of achieving the objectives is high, yet there exist serious doubts as to
the course of action to be taken. The emphasis is thus placed on factoring in a large number of
variables, some of which are insufficiently controllable and whose evolution is difficult to
forecast.

A different point of view from those outlined above deals with uncertainty as a key
characteristic of life and as a source of progress, without distancing itself from the
psychological view. Thus, in a progressive approach, Orio Giarini stated that “uncertainty
may be described as the sum of all potential hazards around us, perceived or not”. Life’s
uncertainties must be accepted as a reality, as the raw material for development and as an
opportunity for maturity and real growth®,

We propose the following as the main stages in the qualitative assessment of the level of
uncertainty based on fuzzy numbers”:

I.  problem statement (analysis of the input data/of information )

II.  formulating the main lines of assessment

III.  defining the groups of experts carrying out assessment in the various specialist
fields

IV. qualitative assessment performed by experts ( define the qualitative model;
establish the qualitative assessment criteria for each specialist field; define indicators
and scale items; complete the assessment scale — establish the actual measurement
tool; uniform implementation of the assessment scales, assessment.

V. formalizing the process of fuzzy number-based strategy assessment ( choose the
best fuzzy-based method to formalise information; formalise information uncertainty —
the absorption matrix; determine the logical assessment criteria)

VI. ranking the strategies (identify the optimal method of ranking the outcomes
expressed as fuzzy numbers -regular ordering, distance from the optimum, etc. ; rank
the solutions.)

VII. determine the optimal option;
VIII. feedback provided to experts.

4 Orio Giarini, Walter R. Stahel, Limitele certitudinii [Original EN title: The Limits to Certainty], Editura Edimpres-Camro, Bucharest, 1996,
p- 318,327

> C. Alecu ( 2011) , Epistemic analysis of methods using elementary triangular fuzzy numbers with associated indicators, “The Yearbook of
the ,,Gh.Zane,, Institute Of Economic Research-lassy”, Bucuresti: Editura Academiei Roméane, Volumul 20,
http://ideas.repec.org/a/zan/ygzier/v20y2011i1p5-12.html



Qualitative assessments and optimal decision under uncertainty using rectangular fuzzy numbers 97

There are many questions regarding the way in which an enterprise can become involved
with logically grounded arguments in this management game®.

Thus, the transition from the state of crisis to the state of opportunity becomes the ground
on which technocratic, structural, cultural and political approaches make a difference in
managing an organisation. In the knowledge management process, uncertainties emerge on
the path from collecting data to gaining knowledge within the organisation and are dependent
on technological constraints, accessibility, processing methods, theoretical models employed,
and, last but not least, the human input’.

3. Elementary rectangular fuzzy numbers with associated weight centers
A elementary rectangular fuzzy numbers® is  A=(ay , aw)€l defined by pa: R—[0,1],
{l,daca x€la,,a,]
My = , where —o < a, <a,, <+
0,daca x¢la,,a,]

We define the variables associated weight center: G, (4)=a, +(a—1)-S,(4)+a-Sz(A)

where:
a € R, €[0,1] - uncertainty absorption indicator

a +a
m MER

Middle nucleus: a, (4)=

Left and right aria: S, (4) = a,(4)—a, =2 ;“'" eR Sy(A)=a, —ay(A4) :@ cR

Using two elementary rectangular fuzzy numbers with variables associated weight
centers: 4, =(a;:a,),, B, =(b:b,), € Far, and e, B €[0,1] the two levels of assumed uncertainty.

We define these operations’:
¢ =a,+b
Addition: 4,(+)B;=C,=(c,,c,), =1¢, =a, +b,
L, (C) =aL,, (A)+ pL,,(B)
¢ =a,-b,
Substraction : 4,(-)B,=C, =(c,c,), =4¢, =a, —b,
My, (C)=aL, (A)+(1-p)L, (B)

t4, =

a

{(t*al,t*az),yza t>0

. e . C =
Multiplication by a scalar t e R: 7 (t*a,,t*a),y=1-a t<0

a,* G(B) + G(A) *b,
¢ = 2
_a, *G(B)+ G(A)*b,
2

Multiplication : 4,*B, =C, = (c,,c,), =1¢,

y=af
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_ 4, *G(B)+G(A)*b,
: 2*G(B)*
* %
Division 4,%*B,=C, =(c,,c,), ={c, = a, G(B)+G(2A) b,
7 7 Z*G(B)
y=a(l-p)

Ranking criteria

Ranking fuzzy numbers rectangular with associated weight centers shall be based on
several successive criteria:
G(4,)>G(B;)= 4, > By

-Weight ranking criteria:
G(4,)<G(By)= 4, < By

N(4,)>N(B;)= A4, > B,

-Middle nucleus ranking criteria (if (G(4,) = G(B,) : {N(A V< N(B)= 4 <B
a B a B

-Ranking criteria based on nucleus length and the sign:
_G(4,)=G(By) sign(A4,)L,,(4,) <sign(B,;)L,(By) = A4, > B,
: N(4,)=N(By) - sign(A,)L,,(A4,) > sign(B,;)L,,(B;) = A4, < B,

sp

The optimistic method (maxmax)

The method starts from the idea that the optimum is given by the variant that has
maximum advantages when the objective conditions have most favourable trends.

The principles of this method thus take the form of an eptimistic criterion because it
starts from the premise of a favourable, ascending evolution of the events (the hypothesis is
risky and seldom occurs in practice). Therefore, rationally the optimum means the preference
for the variant that will maximize the best possible results.

Be considered as optima that decision which satisfies the condition:

D= max max{{/,, 1}
iy

where :
- [, 1, - consequences of decision taken by the manager for decision Di evaluated by Cj.

- I,- elementary rectangural fyzzy nembers with associated weight centers

- - D* is the optim decision by optimistic criterion.

In the following case study we use a single indicator for absorbing uncertainty.

So the optimistic criterion ensures the selection of the variant with the highest yield
potential but usually there are considerable risks when doing that.

The matrix of decision consequences obtained, the method needs the following steps to
be taken: 1. - obtain a maximum for every line of the results that are the most certain and can
be obtain in this way D] =max{[R, ],};2.- obtain a maximum for these partial results;

J

D*=max{D; };3.- identify the optimum variant (variant D; corresponding to D*).

Notes:

- the courses of action considered are feasible based on the available resources;

- the assessed characteristics are specific to the field of activity and structured
according to the experts’ areas of competence;

- these characteristics are jointly determined by the groups of experts in order to
enable a unified qualitative overview of courses of actions;

- a unified assessment system is defined, to ensure comparability of outcomes;

- qualitative assessment will yield a set of standardised values which will be applied to
a unified system of decision-making techniques
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- a matrix of outcomes is derived, the elements of the matrix are rectangular fuzzy
numbers

- by mapping only the mode of defining the indicators of fuzzy numbers, a matrix of
centres of gravity will result.

Case study:

Suppose a decision problem that has more valued course of actions (activities,
relationships, products, services) through a Linkert scale by multiple knowledge workers.
Linkert scale allows us to assess the quality characteristics and special assignment of
numerical levels of preference.

We propose to issue a decision problem consists of three courses of action (i =1,3)
evaluated on the basis of four consequences / conditions of nature ( j =1;4).
Suppose that through the implemented management strategies a high degree of
uncertainty absorption is obtained, , so it satisfies the condition of assuming a single a.
a; =a, VD, oer,i:I;_4 Si j:I;_4
We analyze the optimal solution for « [0;1], as an expression of uncertainty absorbed.

For our problems, consequence matrix for each course of action will have the following
form:

Consequences matrix (single o)

D; /S; C G, Cs Cy
b [2:4], [1:4], 23], [1:6]a
D, [195] o [1=7] o [234] o [2:3] o
D, 3:4]. 2:4] [2:6] (5]

1. To obtain a maximum for every line means to hierarchize the four rectangular fuzzy
numbers. So the hierarchization criteria will be applied one by one if needed.
Thus we will first determine the centres of weight associated to every fuzzy number,
and so a new matrix is obtained:

Centres of weight associated matrix (single o)

D; /S; Ci C, Cs C,4
Dy Gp=1+a*4- G =1+ a * (6-
G =2+ a*4-2) 1) Gj3=2+a *(3-2) 1)
D2 G21:1+OL*(7- G24:2+(1*(3-
Gy =1+a*(5-1) 1) Gy3 =2+ a * (4-2) 2)
G =2+a* (4- G =1+ o * (5-
D3 G3;1=3+a*43) 2) Gs3 =2+ a * (6-2) 1)

This hierarchization, as seen in the matrix, depends on the variation of o on the
interval [0;1] and therefore several inequations are to be solved:

G =2+a*2
Gp=1+a*3
Gi=2+a

G14: I+a*5

Depending on « [0;1]]we see that G;* = max{Gl.j} differs from case to case:
J

- if ae[O;%) ,then G, <G, <G,<G, =>1,<I,<I,<I,
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-if ae(i ;) then 7, <1, <1, <I,

- if ae(%;%) ,then 7,,<1,<1I, <1,

-1f ae(%;l) ,then 7,,<1,<1, <1,

The additional application of the second hierarchization criteria is needed when the
11

centres of weight are equal, for « e{ =1}

4’372
For o = Z(G13 =G,), then will use second ranking criteria N(1,;) < N(I,,) = 1, <1, - in
this conditions: 7, <1, <1, <1,

For oz:%(G11 =G,,),we compare N(I,))< N(I,,) =1, <I,-,then I,<I,<I,<I,

For « =%(G,2 =G,), we observe N(I,,)=N(l,;) = - inconclusive — then will use third

Sig”(lsz)*Lsp(Isz) =1%*3

ranking criteria: . .
sign(ls,) Lsp (134)=1%1

}:>112<113, and, in this conditions

112 <113 <111 <114
For a«=1 (G,=G,), Iinconclusive, but N(/,)>N(,)=1, >1,- then
Ly <Iy <Ij <1y

max{l} =1y, ac[0)

After all ! .
max{/,;}=1i,, ae[=;:1]

j 3

On second line , the first criterion involves centers of gravity associated with the

following hierarchy:

- ae [OQ%) - Gy <Gy <Gy < G23

11
-« e(g,z) - G, <Gy <Gy <Gy

11
- a e (Zag) - Gy <Gy <Gy <Gy

11
- o€ (5,5) - Gy <G, <Gy <Gy

- ae (%;1] - Gy <Gy <Gy, <Gy

The additional application of the second and third hierarchization criteria is needed

when the centres of weight are equal, fora e {0 % l L1y }

4’372’

max{/l, }=1,, for ae[O;Z)
After all / .
max{]lj}:lzz, for ae[z;l]

On third line :
1

- ae[O;E) -1, <1y, <I; <1y

1
- ae[g;—] -1, <1y, <Iy <I

N | —

- ae(

wIN

1
E 1 -1, <1y <Iy <Iy
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- ae(%;l] -1, <1 <1, <1

We analize the special situations for « e{ ;%;%;l} )

2. The second stage involves determining the optimum: D* = max{D, } .

W | =

Determination of the optimum for single a

Cazl Caz II Caz III Caz IV

066[0,4) a€[4,3) a 3 a€(3,1]
D, V#1=[2,4] V#=[2,4] V*=[1,6] V*=[1,6]
D, V*,=[2,4] V*,=[1,7] V*,=[1,7] V*,=[1,7]
Ds V*:=[3,4] V*:=[3,4] V*:=[3,4] V*:=[2,6]

Cazl ac [O;%) : in this case max(D’) =D;.

Caz Il c<[—;-): To obtain max(D’) we rank the following centers of gravity:

1
3

A=

2+a;

1+a*7,;

3+
Then ml_ax(Df)zD;;

Caz Il o= % : in this case max(Df) =D;.

CazlV ae (%,1] : For different value of o :
- e[é;%) , then max(v") =V;

-ae [%;1) , then max(V") =V,

3. The third stage involves identifying optimal variant
Depending on the evolution of the o, the optimal variant would be::

- for o e[O;%) ,D*=D3 ;

-for a e [%;l) ,D*=D,.

Conclusions

As we shall observe, multidisciplinarity is the hallmark of these management approach,
as it integrates a series of sociological, psychological, statistical, mathematical, legal, etc.
methods into an approach that is tailored to a particular activity.

As we can see, true this development of traditional methods with rectangular fuzzy
numbers represents a technocratic answer to a call of interdisciplinary approach of decision-
making under uncertainty. Through this demonstration, we see that it is possible to combine
several different strategies and indicators, qualitative and quantitative.

By methods using rectangular fuzzy number with associated indicators to evaluate the

quality of various relationships within and outside the organization the knowledge workers
can generate solutions based on logical criteria in conditions of high uncertainty.
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