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Abstract: The applications of fuzzy numbers to Social Sciences, Economy, and Natural
Sciences request, in various cases that the spreads, i.e. the region of indeterminateness, of the results
of the operations between fuzzy numbers be less than the ones expected by the Zadeh’s extension
principle. Moreover, it appears to be necessary to consider operations that save the shapes of fuzzy
numbers. To this aim fuzzy operations are dealt with, alternatives to the operations induced by the
extension principle. Critical analyses of logical principles which support the various operations are
carried out. Some application to Social Sciences and Economy are considered.
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1. Introduction and motivation

Starting from the paper (Zadeh, 1965), Zadeh imposed the idea that a suitable
tool to deal with the impreciseness, in the descriptions made in terms of natural
language, are fuzzy numbers.

A major aim in developing modelling in fuzzy set context is just to obtain a
“satisfying” algebraic structure for fuzzy numbers. The operations in the set of
fuzzy numbers are usually obtained by the Zadeh extension principle (Zadeh, 1965,
1968, 1973, 1975a, 1975b, 1975c; Yager, 1986; Klir, Yuan, 1995).

The extension principle based operations present some drawbacks for the
applications, e. g. to Social Sciences, Economy, Geology, both by an algebraic point
of view and logical and practical aspects (Ban, Bede, 2003; Bede, Fodor, 2006;
Grzegorzewski, Mrowska, 2005; Mares, 1997, 2001; Maturo, 2004, 2006, 2009a,
2009b), e.g.:

o the spreads of the sum is fast increasing with the repeated additions;

e the Zadeh’s multiplication is not distributive with respect to the addition;

o the shape of fuzzy numbers is not preserved by multiplication.

Then, for the applications in the Natural, Social and Economic Sciences it is
important to individuate some suitable variants of the classical fuzzy numbers
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operations that may interpret how the inexactness makes for greater efficiency, for
producing significant meanings and comprehension. To this aim suitable alternative
operations are here introduced.

2. The classical operations and order relations between compact intervals

Let C be the set of the compact intervals of R. For every intervals [a, b] and
[c, d] in C, we assume the following operations:

[a,b] +[c,d]=[a+c, b+d]; (2.1)

[a, b] - [c, d] = [min{ac, ad, bc, bd}, max {ac, ad, bc, bd}]. (2.2)
The subtraction and division are also defined on C by the formulae:

[a, b] —[c, d] = [a, b] + [-b, —a]; (2.3)

if 0¢[c,d],[a b]/[c,d]=1]a,b]-[l/d, lic]. (2.4)

The main algebraic properties of operations between compact intervals are
the following (Klir, Yuan, 1995:103):
o The addition + defined by (2.1) is commutative, associative, having 0 = [0, 0]
as neuter element.
¢ The multiplication defined by (2.2) is commutative, associative, having 1 =
[1, 1] as neuter element.
e For every compact intervals [a, b], [c, d], [e, f] the following sub-distributive

property holds:
([a, b] +[c, d]) [e, fl = [a, b] [e, f] + [c, d] [e, f]. (2.5)
¢ The distributivity, i.e. the equality
([a, b] + [c, d]) [e, ] = [a, b] [e, f] + [c, d] [e, f], (2.6)

holds iff [a, b] - [c, d] > 0 or [e, f] is a degenerate interval.
The principal order relations on C are:
e The main order relation:

[a, b] <wm[c,d]ifandonlyifa<candb<d. 2.7)
o The strict order relation:
[a, b] <s[c, d] ifandonly if b<c. (2.8)

Both these relations are partial order relations, the second is contained in the first.

3. Fuzzy numbers: definitions and notations

The concept of fuzzy number borns as a generalization of the compact
interval of R.
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We consider compact intervals in R in which not all elements are equally
important.

Definition 3.1 (Fuzzy number) Let [a, b] be a compact interval of R. A fuzzy
number with base [a, b] is a function u: R — [0, 1], having as domain the set of
real numbers and with values in [0, 1], such that:

(FN1) (bounded support) u(x) = 0 for x ¢ [a, b], and u(x) > 0 for x belonging
to the open interval (a, b);

(FN2) (compactness and normality) for every r € (0, 1] the set [u]'={x e R:
u(x) >r} is a nonempty compact interval.

The numbers a, b, are called respectively, the left and the right endpoint of u,
and the set {x € [a, b] : u(x) > 0} is said to be the support of u, denoted S(u).
Moreover, u is said to be degenerate if a = b, that is S(u) is a singleton.

Definition 3.2 (r-cuts) For every r such that 0 <r < 1the set [u]' = {x € [a, b] :
u(x) > r} is said to be the r-cut of u. The left and right endpoints of [u]" are denoted,
respectively, u," and u,". The fuzzy number u is said to be simple if ¢ = d, that is
C(u) is a singleton.

In particular, for r = 0, [u]® = [a, b], and, for r = 1, [u]" is a compact interval
[c, d], called the core (or central part) of u, and denoted with C(u). The numbers c,
d, are the left and the right endpoint of C(u).

Definition 3.3 (Spreads) The intervals [a, c) and (d, b] are, respectively, the
left part and the right part of u. The real numbers L(u) =c —a, M(u) =d — ¢, and
R(u) = b —d are, the left, middle, and right spreads of u. Their sum T(u) =b —ais
the total spread.

Definition 3.4 (Relation <) Let u: R — [0, 1] and v: R — [0, 1] two fuzzy
numbers. We say that u is contained in v, we write u c v, if u(x) < v(x), V X € R.

Proposition 3.5 The relation < is a partial order relation in the set of fuzzy
numbers. A compact interval [a, b] is interpreted as a fuzzy set w: R — [0, 1] with
base [a, b] and such that w(x) = 1, V X e [a, b]. Then it is the maximum fuzzy
number with base [a, b] with respect to the order relation c.

Notations 3.6 We assume the following notations:

e (endpoints notation) u ~ (a, ¢, d, b) stands u is a fuzzy number with endpoints

a, b and core [c, d]; u ~ (a, c, b) for simple u;

e (spreads notation) u ~ [c, d, L, R] denotes that u is a fuzzy number with
core [c, d] and left and right spreads L and R, respectively; u ~ [c, L, R]
denotes simple u;

o (r-cut spreads notation) the numbers L'(u) = (¢ — u;') and R'(u) = (u, —d) are
called the r-cut left spread and the r-cut right spread of u, we write [u]" = [c, d,
L"(u), R"(u)], and, if u is simple, we write also [u]' = [c, L'(u), R'(u)];

o (sign) the fuzzy number u ~ (a, ¢, d, b) is said to be positive, strictly positive,

negative, or strictly negative, ifa>0,a>0, b <0, or b <0, respectively;

o (c-sign) the fuzzy number u ~ (a, ¢, d, b) is said to be c-positive, strictly

c-positive, c-negative, or strictly c-negative, ifc>0,¢c>0,d<0,0rd <0,
respectively.
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Definition 3.7 We say that the fuzzy number u ~ (a, ¢, d, b) is a trapezoidal
fuzzy number, let us write u = (a, ¢, d, b), if:

Vxelac), a<c = u(x)=(x-a)l(c-a), (3.1)
Vxe(dDb], d<b=uXx)=({b-x)/(b-d). (3.2)

A simple trapezoidal fuzzy number u = (a, c, c, b) is said to be a triangular
fuzzy number and we write u = (a, ¢, b). A trapezoidal fuzzy number u = (c, ¢, d, d),
with support equal to the core is said to be a rectangular fuzzy number and is
identified with the compact interval [c, d] of R.

Proposition 3.8 In terms of r-cut left and right spreads u ~ [c, d, L, R] is a
trapezoidal fuzzy number, we write u = [c, ¢’, L, R], iff:

Lw=@Q-nc-a=1Q-nL, RWw=@Q-nb-d=1-nR. (3.3)
In particular, u ~ [c, L, R] is a triangular fuzzy number, we write u = [c, L, R], iff:
Lw=Q-nNc-a=1-nL RWW=@0-nb-c)=1-nNR. (3.4)

Several ordering can be defined in the set of fuzzy numbers (Klir, Yuan,
1995; Dubois, Prade, 1980, 1988; Mares, 1997, 2001; Maturo, 2009a, 2009b). We
focus our attention on some fundamental orderings that play an important role
when choices among social or economic actions are involved.

Let @ be the set of all the fuzzy numbers.

Proposition 3.9 (Main order) The relation <\, on @ such that:

Vuved usyve vVrelo 1], [u] <[v], (3.5)

is a partial order relation on @, called the main order.

The main order is the basic ordering in the set of fuzzy numbers whatever the
shape.

Proposition 3.10 (Trapezoidal order) The relation < on ® such that:

VYuvedusrve [ul<[v]’ [u]' < [v]* (3.6)

is a partial preorder relation on @, called the trapezoidal order.

Such a relation is mainly useful if the trapezoidal shape is preferred, because
of the relative simplicity in handling these numbers. The restriction of < to the set
T of the trapezoidal fuzzy numbers is a partial order relation.

Proposition 3.11 (Crisp order) The relation <S¢ such that:

VU ve®duscve [ul <[v]* (3.7)

is a partial preorder relation on @, called the core order or crisp order.

The relation < is useful when peripheral spreads are considered of marginal
importance with respect to the central ones. The restriction of < to the set C of the
rectangular fuzzy numbers is the order relation (2.7). Moreover the restriction of
Sc to the set of simple fuzzy numbers is a total preorder relation.

Proposition 3.12 (Strict order) The relation <s such that:
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VUuved uscve (Xe S(),yeSV)=>x<y (3.8)

is a partial preorder relation on @, called the strict order. The restriction of <S¢ to
the set C of the rectangular fuzzy numbers is the order relation (2.8).

4. The extension principle operations

Definition 4.1 (Zadeh’s extension principle operations) Let ¥ be the set of
the fuzzy sets with domain R. If = is an operation in R, then the extension of * to ¥
with the Zadeh'’s extension principle is defined as follows. For every u, ve¥, zeR,
let (u*Vv) ™ (2) = {(x, y) € R xR :x =y =z}. We define u*v as the function

0 if (Uxv)'(2)=0

u*v:zeR— sup  {min{u(x),v(y)} if urv)y'@)=o- @
(x,y)e(uv)™(z)

Remark 4.2 In general, if u and v are fuzzy numbers, we cannot conclude
that u = v is a fuzzy numbers. However, this occurs if * is one of the usual

arithmetic operations +, —, -, / (for the division, there must be the condition
0 ¢ S(v)).
If u, v, u * v are fuzzy number, by (4.1) it follows:
Vrel0,1], [u*v] =[u] = [v]. 4.2)
Then, (4.2) applied to the addition gives:
Vrel01], [u+v] =[u]+ [v] = [+ v, u, + v, ]. (4.3

The (4.2) for the multiplication becomes, V r € [0, 1],
[u-v]" = [minf{u" v, " v, Uy v ug v max{u v ul v U v Uy v (4.4)
If u and v are positive then formula (4.4) reduces to:
Vrel0 1], [u-v] =[u]"- [V] = [w' v, uy v, 1. (4.5)

By (4.2), (4.3), (4.4), and by the properties of addition and multiplications in
the set C of compact intervals of R, it follows:

Proposition 4.3 The addition + defined by (4.3) is commutative, associative,
having 0 = [0, O] as neuter element; the multiplication defined by (4.4) is commutative,
associative, having 1 = [1, 1] as neuter element. Moreover the multiplication is
subdistributive with respect to the addition, i.e. for every fuzzy numbers u, v, w:

(u+v)wcuw+vw, (subdistributivity) (4.6)

where < denotes inclusion between fuzzy sets; the distributivity holds iff u
and v are both positive or both negative fuzzy numbers or w is a degenerate fuzzy
number.
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In terms of spread notation the addition is defined by formulae:
C(u+v)=C(u) + C(v); 4.7
Vrel0,1),L(u+v)=L"(u)+L(v), Ru+v)=R(u)+R'(v). (4.8)

If u and v are positive, in terms of spread notation the multiplication is
defined by:

C(u-v)=C(u) - C(v); (4.9
Vrel0,1),L(u-v)=ulv,' —u v =u L(v) + vi' L'(u) - L'(u)L"(v); (4.10)
Vrel0,1),R(u-v)=u"v, —u' v,) = u," R'(V) + v," R'(u) + R'(u) R'(v). (4.11)

Remark 4.4 (Case of trapezoidal numbers). For addition of trapezoidal (in
particular triangular) fuzzy numbers, (4.8) is equivalent to the simpler formula:

Lo%u +v) = L°(u) + L°(v), R°(u+ V) =R%u) +R°(v). (4.12)

For multiplication of trapezoidal fuzzy numbers, formulae (4.10) and (4.11)
can be written:

Vrel0,1),L'u-v)=@Q-r)u L)+ @ -r)v,} Lu) - (1 - r)? L(u) L(v); (4.13)
Vrel0,1),Ru-v)=1-r)u" RV + (1 -r)v, RU) + (L -r)?R(u) R(V). (4.14)

Remark 4.5. Let u -, v be the trapezoidal fuzzy number having the same core and
the same support of the product u - v. By (3.3), (4.10) and (4.11) for r = 0, it follows:

Vrel0,1),L'(u--v)=@-r)ulLMv)+@-r)v'Lu)—(1-r) Lu)L(v); (4.15)
Vrel0,1), R(U-Vv)=(L-r) uRV)+ (L -r)v,) R(u) + (1 —r) R(u) R(v). (4.16)

So, by comparing (4.13), (4.14) with (4.15), (4.16), respectively, it follows
that, in general, u - v is not a trapezoidal fuzzy number since, for every r € (0, 1),

L'(u-v)>L"(u-,V), the equality holds iff L(u)L(v) =0; (4.17)
R'(u - v) <R'(u -, V), the equality holds iff R(u)R(v) = 0. (4.18)

The Zadeh operations are compatible with the orders <y, <7, and <c.
Precisely, from the definitions in Sec. 3, and formulae (4.3), and (4.5) it follows:

Proposition 4.6 (Compatibility theorem). Let u, v, and w be fuzzy
numbers. Then, for every Je{M, T, C}, we have:

(CA)us,v = u+ws;v+w (compatibility of <;w. r. to the addition);

(CM) 030, 0s3v = 05U - v (compatibility of <; w. r. to the multiplication).

5. A critical analysis of the Zadeh’s operations and alternative proposals

The definitions given by (4.1) or the equivalent ones obtained by (4.2) have
some “drawbacks” for the practical applications in Social and Economic ambit.
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(D1) The multiplication is not distributive with respect to the addition;

(D2) If we wish to consider special classes of fuzzy numbers as the trapezoidal
or the triangular ones, they are not closed with respect to the multiplication, because
the product of two trapezoidal fuzzy numbers in general is not trapezoidal.

(D3) The spread of the sum of two fuzzy numbers is the sum of the spreads,
then by aggregating as “sum” fuzzy numbers we have fast increasing spreads. This
is often in contradiction with the intuitive idea and the experience that many
uncertainties can compensate each other.

(D4) The spreads of the product of two fuzzy numbers u and v are functions
increasing of the extremes of the cores and the correspondent spreads of u
and v. Then, if fuzzy numbers are aggregated by the “product”, too increasing
indeterminateness can result.

An important research work is thus to identify possible alternatives to the
operations based on the extension principle. Below we analyse some variants of the
classical addition and multiplication of fuzzy numbers. We call also “addition” and
“multiplication”, respectively, these variants, that have the most part of the properties
of the corresponding classical operations, but not all the previous disadvantages.

(A1) Approximate multiplication (Grzegorzewski, Mrowska, 2005; Bede,
Fodor 2006). If we wish consider only trapezoidal fuzzy numbers, then we can
replace the Zadeh’s product u-v with the trapezoidal fuzzy number u -, v having the
some support and the some core of u - v.

(A2) Cross multiplication (Ban, Bede, 2003; Bede, Fodor 2006). Let u and v
be two c-positive fuzzy numbers. The cross product u e v is the fuzzy number
defined by formulae:

C(uev)=C(u) - C(v); (5.1)
Vrel0,1),L(uev)=u'L"(v)+ v L(u); (5.2)
Vrel0,1), R(uev)=u,"R'(v) + v, R'(u). (5.3)

Remark 5.1 The cross multiplication can be extended to the set ®* of all the
fuzzy numbers that have not 0 as interior point of the core by utilizing the “signs rules”

(~uW)ev=ue(-Vv)=—(ueVv).

In particular the cross multiplication can be extended to all the triangular
fuzzy numbers.

Remark 5.2 The cross multiplication satisfies many important algebraic
properties, in particular the distributive property (u +v) ew = u e w + v e w holds
iff u and v are both c-positive or both c-negative or w is a degenerate fuzzy
number, then in a stronger form with respect to the Zadeh multiplication.

(A3) Bounded operations. An addition +,, and a multiplication -,, called
b-addition and b-multiplication, respectively, are introduced, in such a way that the
left, and right spreads of the sum u +, v and the product u -, v are the maximum of
the corresponding spreads of u and v.
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Remark 5.3 The maximum property imply that the bounded operations are
very appropriate operations when we have to deal with mathematical problems of
convergence of sequences of fuzzy numbers.

In terms of spread notation the b-addition is defined by formulae:

C(u +pv) = C(u) + C(v); (5.4)

Vrel0,1), L'(u+,v) =max{L'(u), L'(V)}; R'(u+,v)=max{R'(u), R'(v)}. (5.5)
Moreover the b-multiplication is defined by formulae:

C(u -, Vv)=C(u) - C(v); (5.6)

Vrel0,1), L'(u-v)=max{L'(u), L'(V)}; R'(u-v)=max{R'(u), R'(v)}. (5.7)

Let us compare the Zadeh, approximate, and cross products of two c-positive
trapezoidal fuzzy numbers u and v. They have the same core. The left r-spreads are:

Vrel[0,1),L(u-v)=uL(v)+v,' L'(u) - L"(u) L'(v); (Zadeh product) (5.8)
Vrel0,1), L"(u-,v)=u'L(V) +v,' L(u) — L"(u) L"(v)/(1-r); (approx product) (5.9)
Vrel0,1),L(uev)=u'L"(v)+v,' L(u). (cross product) (5.10)

Then, for r € (0, 1) and L"(u) L'(v) # 0, the left r-spread of the approximate
product is less than the one of the Zadeh product, while the left r-spread of the
cross product is greater than the one of the Zadeh product.

The right r-spreads are:

Vrel0,1),R(u-v)=u'R(V)+Vv,"R'(u) + R'(u) R'(v); (Zadeh product) (5.11)
Vrel0,1), R(u-av)=u,R(vV) + v,  R'(u) + R'(u) R'(v) / (1 - r); (approx product) (5.12)
Vrel0, 1), R(uev)=u"R'(v) +Vv," R'(u). (cross product) (5.13)

Then, for r €(0, 1) and R'(U)R'(v) # 0, the right r-spread of the approximate
product is greater than the one of the Zadeh product, while the left r-spread of the
cross product is less than the one of the Zadeh product.

Remark 5.4 (Cross product properties) An advantage of the cross product
is that the cross product of two trapezoidal fuzzy numbers is a trapezoidal fuzzy
number; moreover the cross product of two triangular fuzzy numbers is a triangular
fuzzy number. A disadvantage of the cross product is that the cross product of
positive fuzzy numbers is not necessary a positive fuzzy number. As for
compatibility with the order / preorder relations we have the following:

Proposition 5.5 Let u, v, and w be fuzzy numbers. Then, for every J € {M,
T, C}, we have:

(CMA) 0 <;u,0 S5v= 0 5; U+, v (compatibility of <;w. r. to the approximate
multiplication);

(CMC) 0 sSc U, 0 Scv=0 <c u e v (compatibility of <S¢ w. r. to the cross
multiplication).
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Remark 5.6 (Bounded operations properties) The main algebraic properties
of the bounded operations are:

(B1) Shape preserving property. The b-sum and the b-product of two
trapezoidal fuzzy numbers are trapezoidal fuzzy numbers. Moreover b-sum and the
b- product of simple fuzzy numbers are simple fuzzy numbers.

(B2) Semigroup property. The b-addition and b-multiplication are associative,
commutative, and having neuter elements 0 and 1, respectively.

(B3) Distributivity property. The b-addition is subdistributive with respect to
the b-addition. That is, for every fuzzy numbers u, v, w, we have (U +,Vv) , Wc U
s W +p V -, W. The distributivity holds iff C(u) C(v) = 0 or C(w) is a real number.

(B4) Distributivity in the set of triangular fuzzy number. The set A of triangular
fuzzy number is closed with respect to the b-addition and the b-multiplication.
Moreover, in A, the b-addition is distributive with respect to the b-addition.

(B5) Spread limited. Let {ui}ic, is a family of fuzzy numbers and m is a
positive real number such that max{L(u;), R(u)} <m, ¥ i € L. If the fuzzy number
u is a finite or countable b-sum or b-product of elements of {u;}ic), then max{L(u),
R(W}<m.

(B6) Compatibility with orders. The b-addition is compatible with the orders
Sw ST, and Sc, and the b-multiplication is compatible with <. Let u, v, and w be
fuzzy numbers. For every J € {M, T, C}, we have:

(BCA) U S; V= U+, W S5 v+, W (compatibility of <; w. r. to the b-addition);

(BCM) 0 Sc U, 0 Sc v = 0 <c u-pv (compatibility of <S¢ w. r. to the
b-multiplication).

The properties of the b-addition and b-multiplication are useful for their
utilization in modelling many social systems whenever we recognize that the
indeterminateness should not be too increasing by aggregating fuzzy numbers.

Remark 5.7 A critical analysis of previous operations individuate the following
drawbacks:

e The spreads of the b-product u -, v don’t consider the size and the sign of

the fuzzy numbers u and v.

e Every spread of the cross multiplication u e v is a sum of two product of a
size by a spread. Especially with repeated cross multiplications, we can
have spreads very high.

e The b-product and the cross product of two positive fuzzy numbers is
c-positive but not necessary positive.

Then we proposed in (Maturo, 2009a, 2009b), the following new alternative
multiplication, that we called cross maximum multiplication. It can be a palatable
compromise between the b-multiplication and the cross multiplication.

Definition 5.8 (Cross maximum multiplication). Let u and v be two
c-positive fuzzy numbers. Let us define the “cross maximum” product u e, v as the
fuzzy number defined by formulae:

C(u ey, V) =C(u) - C(v); (5.14)
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v r e [0,1), L'(uen V) = max{u,’ L'(v), v,' L'(W)}; (5.15)
Vr e [0, 1), R'(u ey v) = max{u," R'(v), v," R'(u)}. (5.16)

The cross maximum multiplication permits to outweigh the disadvantages
(D2) and (D4). As the cross multiplication, also the cross maximum multiplication
can be extended to the set ®* of all the fuzzy numbers that have not 0 as interior
point of the core by utilizing the “signs rules”.

The cross maximum multiplication is preserving the trapezoidal or triangular
shape. In fact, (5.14), (5.15), and (5.16) imply the following:

Proposition 5.9 (Preserving shape theorem) The cross maximum product
of two trapezoidal fuzzy numbers is a trapezoidal fuzzy number. Moreover the
cross maximum product of two simple fuzzy numbers is a simple fuzzy number.

If u and v are positive trapezoidal fuzzy numbers, then, for every r € [0, 1),
u,' > L"(u), and v, > L'(v), and so, by (4.10), L'(u e, v) < L'(u - V).

Then, by proposition 4.4 it follows.

Proposition 5.10 (Compatibility with orders) Let u and v fuzzy numbers.
Then, for every Je{M, T, C}, we have the following property of compatibility of
<, W. r. to the cross maximum multiplication:

(CMM)0 55U, 05,v=> 05U e V.

6 Alternative operations based on t-norms and t-conorms

We propose two possible procedures for alternative operations based on
t-norms and t-conorms. The first is to use a suitable t-norm instead of the operation
of the minimum in the formula of the extension principle; the second is to calculate
the spreads of a sum or a product of two fuzzy numbers using a t-conorm.

First procedure. Let ® be a t-norm, i.e. an operation in [0, 1] associative,
commutative, increasing with respect to every variable, and having 1 as neutral
element. Particular cases are (Klir, Yuan, 1995:63):

(1) Standard intersection ®g: X ®; y = min{x, y};

(2) Algebraic product ®,: X ®,y =X -V;

(3) Bounded difference ®;: X ®, y = max{0, x +y —1};

(4) Drastic intersection ®4: X ®4 Yy = min{x, y} if at least one between X, y is
1, and X ®4 y = 0 otherwise.

We have the following proposition:

Proposition 6.1 For every t-nom ® and for every x, y € [0,1],

XQiy<x®y<x®yY; X®y<x®,YV. (6.1)

Then, if in formula (4.1) of the extension principle operation, we replace
min{u(x), v(u)} with x ® y, where ® is a t-norm different from the standard
intersection, we can reduce the spreads.

Second procedure. Let & be a t-conorm, i.e. an operation in [0, 1] associative,
commutative, increasing with respect to every variable, and having 0 as neutral
element (Sugeno, 1974; Weber, 1984; Klir, Yuan, 1995; Squillante, Ventre, 1998).
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Particular cases are:

(1) Standard union ®@;: X @,y = max{x, y};

(2) Algebraic sum @, X @y =X +Yy —X -V,

(3) Bounded sum @y: X ®, ¥y = min{1, X + y};

(4) Drastic union @®4: X @4 y = max{Xx, y} if at least one between x, y is 0,
and x@®qy=1 otherwise.

Proposition 6.2 For every t-conom @ and for every x, y € [0,1],

XOySx@y<xDgy; XOay<xDpYy (6.2)

We assume there exist two positive real numbers L., and Rpax that are the
maximum left and right indeterminateness, respectively. Let S be the set of fuzzy
numbers such that, for every ueS, L(U) < Lyax and R(U) < Riax. Moreover let @ be
a t-conorm. Then we introduce an addition +¢ and a multiplication -¢ on S, called
@-addition and @-multiplication, respectively, in such a way the left and right
indeterminateness of the sum u +¢ v and the product u - v are not greater than L.y
and R« respectively.

Definition 6.3 (Operations based on a t-conorm @). We define the @-addition
on S by formulae:

C(u +g V) = C(u) + C(v); (6.3)

Vrel01) L'(u+e V) = [(L'(U) / Lma) @ (L'(V) / Linax)] Lmaxi (6.4)

Vrel0, 1), R(U+e V) = [(R(U) / Rmax) @ (R(V) / Rmax)] Rivax. (6.5)
Analogous formulae are introduced for multiplication:

C(u-e V) = C(u) - C(v); (6.6)

Vrel0,1), L'(u e V) =[(L(U)/ Lnx) ® (L(V) / Linax)] Liax; (6.7)

Vrel0,1), R(U e V) =[(R(U)/Rua) ® (R(V) / Rmax)] Rinax- (6.8)

By previous formulae it follows:

Proposition 6.4 (Semigroup properties). The @-addition and @-multiplication
are associative, commutative, having neuter elements 0 and 1, respectively.

Remark 6.5. If @ is the standard union then the @-addition and the &-
multiplication reduce to the bounded operations. Moreover, if @ is the bounded
sum, i.e. a ® b =min{1, a + b}, and the left and right spreads of the fuzzy numbers
considered are very smaller then L. and Ryax, respectively, then the @-addition
and the @-multiplication reduce to the Zadeh operations.

Proposition 6.6 (Compatibility property). Let @ be a t-conorm such that, for
every h,a, b e [0, 1] withh+a<1, we have (h+a) @ b <h+ (a® b). Then, for every
J e {M, T, C}, and for every fuzzy numbers u, v, and w belonging to S, we have:

(CCA)US;V = U+gW S,V +¢ W (compatibility of <; w. r. to the @-addition);
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Remark 6.7. The condition V h,a,b € [0,1]: (h+a<1l)=(h+a)®b<h+
(a @ b) is satisfied if a ® b = min{1, a + b} (bounded sum) or a ® b = max{a, b}
(standard union).

Then, if @ is the bounded sum or the standard union then the compatibility
property (CCA) holds.

7. Some applications to Social and Economic Sciences

The most recent trends of research on Social and Economic Sciences is based on
the idea that individuals make social choices with personal interpretations of their
social roles (Boudon, 1967; 1969). Then the capability of every individual to interpret a
social role and the valuation of the global effect of the actions of a group of persons is a
very fundamental problem. In particular there is the problem that “perverse effects” can
happen as a sum of rational, but not coordinate, behaviours of the individuals
belonging to the group. The mathematical tools to evaluate the interaction of decisions
of many individuals are decision theory and game theory (Boudon, 1967; 1969;
Lindley, 1971; Mark 1994; Maturo, Tofan, Ventre, 2004; Mares, 2001).

The uncertainty on the occurrence of the events that constitute the states of
nature is controlled by the subjective probability (de Finetti, 1970; Dubins, 1975;
Lindley, 1971) and the uncertainty semantics from the theory of fuzzy sets, in
particular by fuzzy numbers (Zadeh, 1965; Goguen, 1974; Bellman, Giertz, 1973;
Bouchon-Meunier, 1993; Maturo, Ventre, 2008).

A model of social appropriateness.

We consider the problem to evaluate the appropriateness of the individuals
belonging to a set U to make a certain social action or to have a particular social
role.

We assume that such appropriateness is defined by:

easet X = {Xy, Xy, ..., Xp} of characteristics;

e a set of weights A = {&4, Xy, ..., An}, Where A; measures the importance of

X; for the social action or the social role considered,
with the following normalization conditions:

(C1) every 2, is a trapezoidal fuzzy number (in particular a triangular one)
with support S(%;) contained in the interval [0, 1];

(C2) the sum of the cores of the fuzzy numbers A; contains 1, i.e.

C(h) +Co) + ... + COl) 2 1. (7.1)

In particular, if the A; are triangular fuzzy numbers then the conditions (C1)
and (C2) reduces to:

(C1T) every A is a triangular fuzzy number with support S(4;) < [0, 1];

(C2T) the sum of the cores of the fuzzy numbers 2 is equal to 1, that is

C(h) + Co) + ... + C(hy) = 1. (7.2)
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We can assume two different points of view:

(1) the objective evaluation: an expert or a committee of experts associates to
every pair (x € U, X; € X) a trapezoidal fuzzy number o;(x) < [0, 1] that
measures the degree in which x satisfies the characteristic X;;

(2) the subjective evaluation: each individual X associates to every
characteristic X; a trapezoidal fuzzy number o;(x) < [0, 1] that measures
the degree in which x believes himself satisfies the characteristic X;.

The individual evaluation. The objective evaluation is necessary if a committee
has the task to select individuals to do a job, the subjective evaluation can be
important for a decision of a purchase, assuming a model in which the Xj are the
functional characters of an object that x can buy and o(x) is the degree in which
the individual x believes to need of X;.

In order to evaluate the objective suitability or the subjective sense of
appropriateness of the elements of U, we have to obtain, for every individual x, a
global score y(x). At this aim a “multiplication” ® and an “addition” @ on the
interval [0, 1] must be introduced such that:

o the product B;(x) = ; ® o(x) is the weighed measure of the degree in which

X satisfies to the characteristic X;
o the sum y(x) = Bi(X) ® BaX) & ... ® Bn(X) is the global score of the
individual x.

The multiplication ® cannot be the Zadeh’s extension principle one, because,
in general, the Zadeh product of trapezoidal fuzzy numbers is not a trapezoidal
fuzzy number. We have to assume a variant of the Zadeh multiplication that
preserves the trapezoidal shape and such that every product B;(x) = A; ® a;(x) is
contained in [0, 1]. For instance, we can assume ® be the approximate, or the
cross, or the cross maximum multiplication, considered in previous Sec. 5.

The addition can be the usual Zadeh addition, but, if we have to consider
many characteristics X, it is preferable to have a global score with moderate
spreads and then we have to consider an alternative addition, e. g. the b-addition or
an addition based on a t-conorm &.

Team evaluation. We can wish to give a global evaluation of a subset S of
U, e. g. a subset that individuates a team for a job, in which every individual has a
definite responsibility.

Let S = {Xy, Xa, ..., Xm} and let y; be a positive trapezoidal fuzzy number that
defines the amount of the tasks of x;. The team S can be evaluate with the formula

V(S) = ® 'Y(Xl) @ Ko ® 'Y(Xz) + .ot um ® Y(Xm), (73)
where ® and @ are suitable alternative multiplication and addition, respectively.
8. Operations defined up to equivalence relations

Let S be a set of fuzzy numbers, and let ~ be an equivalence relation ~ on S.
For every u € S, let [u] denote the equivalence class of u.
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Let + be an operation defined on S. The relation ~ is compatible with the
operation + if, for every u, u’, v, v’ €S, the following implication holds:

(ul =[], (vI=vD=[utv]=[u+v] (8.1)

Let = be a scalar multiplication on S, that is a function *: R x S — S. The
relation ~ is compatible with = if, forevery A e R, u,u’ € S,

(u] =[] = (A = u] = [A = u’]). (8.2)

If ~ is compatible with + and *, we can consider the induced operations + and
* 0n S/~, defined as:
V [u], [Vl € S/~ [u] + [V] = [u+V];
VAeR, [ul €S/~ Ax[u]l=[\=*u].
Spread compensation. A particular important case is the equivalence ~¢ in
the set @ of all the fuzzy numbers, defined as:

U~ Viff (Cu)=C(v)and V r € [0, 1), L'(u) — R"(u) = L'(v) — R'(V)). (8.3)

We call this relation spread compensation. Some properties are the following.

Proposition 8.1 (Compatibility with the Zadeh’s operations). The spread
compensation ~ is compatible with the Zadeh’s addition and the scalar
multiplication of a fuzzy number by a real number.

Proposition 8.2 (Case of trapezoidal fuzzy numbers). The relation ~ is the
restriction of ~ to the set T of trapezoidal fuzzy numbers if and only if, for every
uverT,

u~v iff (C(u)=C(v)and L°u) — R°u) = L°(v) — R%(v)). (8.4)

Proposition 8.3 (Minimum property). If ue® is such that f(r) = L'(u) —
R'(u) is a function decreasing of r, then the fuzzy number u* defined as:

C(u*)=C(u), L'(u*) =L"(u) - R'(u), R'(u*) =0

is the minimum of [u] with respect the inclusion <, i.e. u* c v, for every v € [u].
If u € @ is such that f(r) = L'(u) — R"(u) is a function increasing of r, then the
fuzzy number u* defined as:

C(u*) = C(u), L'(u*) =0, R"(u*) =R(u) — L"(u)
is the minimum of [u] with respect the inclusion <. .

From previous propositions, it follows:

Proposition 8.4 (Case of trapezoidal fuzzy numbers). If u is a trapezoidal
fuzzy number, then there exists a trapezoidal fuzzy number u* e [u] such that u* ¢
v, for every v € [u].

Proposition 8.5 (Main algebraic properties). If A is the set of triangular
fuzzy numbers then the quotient set A/~y, with the addition + induced by the
Zadeh’s addition, is a group. If * is the operation induced by the scalar
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multiplication of a trapezoidal fuzzy number by a real number, then (A/~g, +, *) is
a vector space.

Critical remarks 8.8 For every equivalence relation ~, all the fuzzy numbers
belonging to an equivalence class represent the same concept by a suitable point of
view. It can happen that, for every equivalence class [u], we have a particular
meaningful fuzzy number u* belonging to the class, called the normal form of [u],
obtained, e.g. by a minimization condition. For instance, if ~ is the spread
compensation, and S is the set of trapezoidal fuzzy numbers, then the normal form
of [u] is the minimal element of [u].

The consideration of the previous up to equivalence operations in the set of
triangular fuzzy numbers, together with the approximate multiplication, attains the
aims to avoid the disadvantages (D2) and (D3) and to get good algebraic structures
in the set of triangular of fuzzy numbers.

The necessity to obtain a vector space in order to extend to triangular fuzzy
random numbers the probabilistic concept of coherence is emphasised in (Maturo,
2004; Maturo, Ventre, 2008). A fuzzy extension of the subjective probability is
considered in (Maturo, 2000, 2006).

9. Hyperstructures of fuzzy numbers and conclusions

A totally different and unifying point of view is to replacing the Zadeh or the
alternative operations with particular hyperoperations. For the concept of
hyperoperations, see, e.g., (Corsini, 1993; Maturo, 2001; Corsini, Leoreanu, 2003).

By utilizing the concept of hyperoperation we can unify the Zadeh’s addition
and all the introduced alternative additions. Each of these additions can be
considered as a restriction of a particular hyperaddition . Moreover ®, T, and
some other subsets of @, are commutative hypergroups with respect to e.

In particular this permits to have many interesting applications for the fuzzy
extensions of the concept of probability (Maturo, 2000; 2001).

Two hyperoperations in the set A of triangular fuzzy numbers, and associated
to the set of possible addition, are the following:

(H1) hyperoperation o. If u and v are two triangular fuzzy numbers, then u
o Vv is the set of all the triangular fuzzy numbers w such that C(w) = C(u) + C(v)
and:

L(w) e [max{L(u), L(v)}, L(u) + L(v)]; R(w) € [max{R(u), R(V)}, R(u) + R(vV)]. (9.1)

(H2) hyperoperation &. If u and v are two triangular fuzzy numbers, then u 6
v is the set of all the triangular fuzzy numbers w such that C(w) = C(u) + C(v) and:

L(w) e [min{L(u), L(W)}, L(u) + L(W)]; RWw) e [min{R(u), RV}, RU) + RV)].  (9.2)

Remark 9.1. The set u ¢ v contains all the results of the Zadeh or alternative
operation with spreads non superior to the Zadeh ones. But, for every u, v € A,
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there exists X € A such that v € u o x if and only if L(u) < L(v) and R(u) < R(V).
Then (A, o) is not a quasihypergroup.

Remark 9.2. For every u, veA, there exists xeA such that veu o x. It is
sufficient to assume x = [C(x), L(x), R(x)], with C(x) = C(v) — C(u), L(x) € [min{L(u),
LV} LV] R(X) € [min{R(u), R(V)}, R(V)].

Then we have the following theorem.

Theorem 9.3 (A, o) and (A, 8) are two commutative semihypergroups, with
(A, 8) an extension of (A, c). Moreover

e (A, 8) is a hypergroup;

¢ (A, o) is not a hypergroup.

Conclusions. We believe that the point of view based on hyperoperations can
be the starting point for fruitful research. Indeed, it takes account of a dual type of
uncertainty, the one on the numeric data, considering fuzzy numbers, and the other
on the uncertainty of the result of an operation between fuzzy numbers, taken into
account by hyperoperations.
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